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Abstract
If S is a nonempty finite set of positive integers, we find a criterion both necessary and sufficient for S to
satisfy the following condition: if q is a fixed nonnegative integer, then there exists infinitely many primes p
such that S contains exactly q quadratic residues of p. This result simultaneously generalizes two previous
results of the author, and the criterion used is expressed by means of a purely combinatorial condition on
the prime factors of the elements of S of odd multiplicity.
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1. Introduction
If Z+ denotes the set of positive integers and p ∈ Z+ is an odd prime, an integer z which
is not divisible by p is a quadratic residue (respectively, quadratic nonresidue) of p if x2 ≡ z
mod p has (respectively, does not have) an integer solution x. In [11] and [12], motivated by
the work of Buell and Hudson [1], Filaseta and Richman [2], Hudson [8], and Monzingo [9],
we began a study of the following problem: characterize the nonempty finite subsets S of Z+
such that for infinitely many primes p, every element of S is a quadratic residue (respectively,
quadratic nonresidue) of p. The solution to this problem for quadratic residues turned out to be
simple, both in statement and proof: every nonempty finite subset of Z+ is a set of quadratic
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for quadratic nonresidues is much more subtle; in [12] we solved this problem by means of a
necessary and sufficient criterion that was expressed as a certain purely combinatorial condition,
which we characterized in two different ways, that was satisfied by the prime factors of the
elements of S of odd multiplicity [12, Theorem 2.12]. For additional work that is related to the
circle of problems and their generalizations which we have investigated in this paper, see [3,4,6,
7,10] (we thank the referee for bringing these references to our attention).
The purpose of this note is to characterize the finite subsets S of Z+ which satisfy, the follow-
ing condition: if q is a fixed nonnegative integer, then for infinitely many primes p, S contains
exactly q quadratic residues of p. This is the content of Theorem 2.5 in the next section, which
simultaneously generalizes [11, Theorem 2.3] and [12, Theorem 2.12]. A purely combinatorial
condition on the prime factors of the elements of S of odd multiplicity is derived which is both
necessary and sufficient for S to satisfy the previously stated condition.
2. The result
We will need to make use of the Legendre symbol for odd primes. Thus, if p is an odd prime,
recall that the Legendre symbol (z|p) of p at the integer z not divisible by p is defined by
(z|p) =
{
1, if z is a quadratic residue of p,
−1, if z is a quadratic nonresidue of p.
The property of the Legendre symbol that we require is its complete multiplicativity, i.e., if w
and z are integers that are not divisible by p, then
(wz|p) = (w|p) · (z|p)
[5, Theorem 85].
The following lemma follows from a straightforward modification of the proof of [11,
Lemma 2.1]; it is also an immediate consequence of [2, Theorem 2]:
Lemma 2.1. If Π is a finite set of primes and ε : {−1} ∪ Π → {−1,1} is a choice of signs, then
there exists infinitely many primes p such that
ε(z) = (z|p), ∀z ∈ {−1} ∪Π.
The next lemma is a reformulation of Theorem 2.14 of [12] (we are grateful to the referee for
pointing out this reformulation to us). In order to state it, we need some additional notation. If z
is a positive integer, then πodd(z) denotes the set of all prime factors of z of odd multiplicity, and
if z is a negative integer then πodd(z) is defined to be {−1} ∪ πodd(−z). If S is a set of integers,
we let S+ (respectively, S−) denote the positive (respectively, negative) elements of S. We also
recall that if A and B are sets then the symmetric difference AB is defined as (A\B)∪ (B\A).
The symmetric difference operation is commutative and associative, hence if {A1, . . . ,Ak} is a
finite set of subsets of a fixed set, then the repeated symmetric difference
A1A2· · ·Ak = k Aii=1
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denote the set of all subsets of A, and ∅ will denote the empty set.
Lemma 2.2. If S is a nonempty finite set of nonzero integers which contains no squares and if
P = {πodd(z): z ∈ S}, then S is a set of quadratic nonresidues for infinitely many primes if and
only if for each subset O of P of odd cardinality, O∈OO 
= ∅.
The combinatorial features of our main result are encapsulated in the following lemma, which
generalizes [12, Theorem 2.13]:
Lemma 2.3. If A is a nonempty finite set and T ⊆ S ⊆ 2A, then there exists a subset N of A such
that
|T ∩ N | is even, ∀T ∈ T , and (2.1)
|S ∩N | is odd, ∀S ∈ S\(T ∪ {∅}) (2.2)
if and only if
for every subset U of S ∪ {∅} of odd cardinality, either |U ∩ (T ∪ {∅})| is odd or U∈UU 
= ∅.
(2.3)
Proof. If A is mapped bijectively onto a set Π of primes and T and S are thereby identified
with subsets of 2Π , we may hence with no loss of generality suppose that A = Π .
We now define a finite set V of nonzero integers as follows:
V =
{
−
∏
p∈T
p: T ∈ T ∪ {∅}
}
∪
{∏
p∈S
p: S ∈ S\(T ∪ {∅})
}
.
Clearly V contains no squares, and if V+ = {πodd(z): z ∈ V +} and V− = {πodd(z)\{−1}: z ∈
V −}, then
V+ ∪ V− = S ∪ {∅}, V+ = S\(T ∪ {∅}), and V− = T ∪ {∅}. (2.4)
Suppose next that N is a subset of Π for which (2.1) and (2.2) hold. We use Lemma 2.1 to
find infinitely many primes q such that
(−1|q) = −1, (p|q) = −1, ∀p ∈ N, and (p|q) = 1, ∀p ∈ Π\N.
Hence for all such primes q sufficiently large, it follows from (2.1), (2.2), and the multiplicativity
of the Legendre symbol that
(
−
∏
p|q
)
= (−1|q)
∏
(p|q) = (−1)(1) = −1, ∀T ∈ T ∪ {∅},
p∈T p∈T
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p∈S
p|q
)
=
∏
p∈S
(p|q) = −1, ∀S ∈ S\(T ∪ {∅}).
But this says that V is a set of quadratic nonresidues for infinitely many primes, and so upon now
observing that {πodd(z): z ∈ V } = V+ ∪ {W ∪ {−1}: W ∈ V−} it hence follows from (2.4) and
Lemma 2.2 that condition (2.3) is satisfied.
Suppose conversely that condition (2.3) is satisfied by S and T . It is again a consequence
of (2.4) and Lemma 2.2 that there are infinitely many primes q such that
(z|q) = −1, ∀z ∈ V. (2.5)
If we take T = ∅ in the definition of V , we find that −1 ∈ V ; hence (−1|q) = −1 for all such
primes q . It thus follows from (2.5) that for a prime q sufficiently large,
∏
p∈T
(p|q) = 1, ∀T ∈ T
and ∏
p∈S
(p|q) = −1, ∀S ∈ S\(T ∪ {∅}).
Hence if N = {p ∈ Π : (p|q) = −1} then N satisfies (2.1) and (2.2) for S and T . 
Remark. It is evident from the proof of Lemma 2.3 that subsets T ⊆ S of 2A satisfy the conclu-
sion of that lemma for some subset N of A if and only if there is a choice of signs ε :A → {−1,1}
such that ∏
t∈T
ε(t) = 1, ∀T ∈ T and
∏
s∈S
ε(s) = −1, ∀S ∈ S\(T ∪ {∅}).
This is the reason why we consider this paper as a vignette in the “combinatorics of sign multi-
plication.”
In order to count the number of quadratic residues in a set of positive integers, we will employ
an equivalence relation on Z+ such that appropriate Legendre symbols are constant on subsets
of each equivalence class. We note first that it is a consequence of [11, Corollaries 2.2 and 4.4]
that if m and n are positive integers, then
πodd(m) = πodd(n) if and only if (m|p) = (n|p)
for all odd primes p dividing neither m nor n.
We now define an equivalence relation ∼ on Z+ as follows: if (m,n) ∈ Z+ ×Z+, then m ∼ n if
πodd(m) = πodd(n). If n ∈ Z+, then [n] denotes the equivalence class of ∼ which contains n. We
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is an odd prime dividing no element of S, then the Legendre symbol of p is constant on S.
Let S be a nonempty finite subset of Z+. If {[r1], . . . , [rk]} is the set of distinct equivalence
classes of ∼ determined by the elements of S and if we set Ri = S ∩ [ri], i = 1, . . . , k, then
{R1, . . . ,Rk} is a partition of S. We will call {r1, . . . , rk} a set of residue representatives of S and
{R1, . . . ,Rk} the residue partition of S. If p is a fixed odd prime which divides no element of S,
then the number of quadratic residues of p that are contained in S is
∑
i: (ri |p)=1
|Ri |.
This observation establishes
Lemma 2.4. If S is a nonempty finite subset of Z+,R is a set of residue representatives of S,R is
the residue partition of S,p is an odd prime which divides no element of S, and r is a nonnegative
integer, then S contains exactly r quadratic residues of p if and only if there exists a subset Q
of R such that
∑
Q∈Q
|Q| = r
and if W is the set of residue representatives of S in R which corresponds to Q, then
(w|p) = 1, ∀w ∈ W and (z|p) = −1, ∀z ∈ R\W.
The following theorem, the main result of this paper, is a generalization of [11, Theorem 2.3]
and [12, Theorem 2.12]:
Theorem 2.5. If S is a nonempty finite subset of Z+, Ssq = S ∩ {n2: n ∈ Z+}, σ = |Ssq|,
T = S\Ssq, and r is a nonnegative integer, then there exists infinitely many primes p such that
S contains exactly r + σ quadratic residues of p if and only if either T = ∅ and r = 0 or T 
= ∅
and T satisfies the following condition: if R is a set of residue representatives of T and R is the
residue partition of T , then there exists a subset Q of R such that
∑
Q∈Q
|Q| = r
and if W is the set of residue representatives of T in R corresponding to Q,
T = {πodd(w): w ∈ W}, (2.6)
and
S = {πodd(z): z ∈ R},
then for every subset U of S∪{∅} of odd cardinality, either |U∩(T ∪{∅})| is odd or U∈UU 
= ∅.
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residues of p if and only if either T = ∅ and r = 0 or T 
= ∅ and T contains exactly r quadratic
residues of p. It hence suffices to verify the following statement:
if r is a nonnegative integer, if ∅ 
= T ⊆ Z+, and if T contains no squares, then there exists
infinitely many primes p such that T contains exactly r quadratic residues of p if and only if
T satisfies condition (2.6).
Suppose that there are infinitely many primes p such that T contains exactly r quadratic
residues of p. If R and R denote a set of residue representatives of T and the residue partition
of T , respectively, then we may hence find by means of Lemma 2.4 a prime p and a subset Q
of R such that ∑
Q∈Q
|Q| = r
and such that if W is the set of residue representatives of T in R corresponding to Q, then∏
q∈πodd(w)
(q|p) = 1, ∀w ∈ W, (2.7)
and ∏
q∈πodd(z)
(q|p) = −1, ∀z ∈ R\W. (2.8)
If T and S are now defined as in condition (2.6) relative to R and W and Π denotes the set of
all prime factors of the elements of R of odd multiplicity, then it follows from the fact that T
is nonempty and contains no squares that ∅ /∈ S and Π 
= ∅. If we take N = {q ∈ Π : (q|p) =
−1}, it hence follows from (2.7) and (2.8) that T ,S , and N satisfy (2.1) and (2.2), and so by
Lemma 2.3, S and T satisfy the last statement in condition (2.6).
Conversely, if T satisfies condition (2.6), then from Lemma 2.3 we obtain a subset N of Π
such that N,S , and T satisfy (2.1) and (2.2). We then use Lemma 2.1 to find infinitely many
primes p such that (q|p) = −1, for all q ∈ N and (q|p) = 1, for all q ∈ Π\N . It follows that for
all such p sufficiently large,
(w|p) = 1, ∀w ∈ W, and (z|p) = −1, ∀z ∈ R\W,
and so we conclude from Lemma 2.4 that T contains exactly r quadratic residues of p. 
Remarks. (1) If S is a nonempty finite subset of Z+, Ssq = S ∩ {n2: n ∈ Z+}, T = S\Ssq and R
is the residue partition of T , then the proof of Theorem 2.5 shows that the subsets of S that are
sets of quadratic residues for infinitely many primes consist precisely of the sets
Ssq ∪
( ⋃
Q∈Q
Q
)
,
where Q varies over all the subsets of R that satisfy the last statement in condition (2.6).
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acterizes the finite sets of nonzero integers that contain a fixed specified number of quadratic
residues for infinitely many primes. Since this requires no essentially new ideas and is rather
cumbersome to state, we will leave the relevant details to the interested reader.
(3) If P denotes the set of all prime numbers and Π ⊆ P , then the density of Π (in P ) is
defined to be
lim
x→+∞
|{p ∈ Π : p  x}|
|{p ∈ P : p  x}| ,
provided this limit exists. In light of Theorem 2.5, the following question is of considerable
interest: if S is a nonempty, finite subset of Z+, σ = |S ∩ {n2: n ∈ Z+}|, and r is a nonnegative
integer, what is the density of
Π(S, r + σ) = {p ∈ P : S contains exactly r + σ quadratic residues of p}?
It transpires that a very neat answer to this question can be given in terms of certain combinatorial
parameters associated with the constituents of Theorem 2.5.
Let S, σ , T , r , R, and S be as defined in the statement of Theorem 2.5. If T = ∅ then the
density of Π(S,σ ) is clearly 1. Otherwise, to each subset Q of R for which ΣQ∈Q|Q| = r ,
we associate the subset T of S given by T = {πodd(z): z ∈ W }, where W is the set of residue
representatives of T which correspond to Q. If Π denotes the set of all prime factors of the
elements of T of odd multiplicity, then for each such set T we let
PT =
{
N ⊆ Π : |N ∩U | is even, ∀U ∈ T , |N ∩X| is odd, ∀X ∈ S\T }.
Next, if F = {0,1} denotes the Galois field Z/2Z of order 2, then we let n = |Π | and
Fn = the vector space of dimension n over F.
If Π is identified with the n-set [1, n] = {1, . . . , n}, then v : 2[1,n] → Fn will denote the bijection
defined as follows: if Y ⊆ [1, n] and i ∈ [1, n], then the ith coordinate of v(Y ) is 1 (respec-
tively, 0) if i ∈ Y (respectively, i /∈ Y ). The bijection v induces a bijection V : 22[1,n] → 2Fn
which is defined as follows: if Y ⊆ 2[1,n] then V (Y) = {v(Y ): Y ∈ Y}. We now set
d = dimension of the linear span of V (S) in Fn.
If p is a prime number then NΠ(p) will denote the set {q ∈ Π : (q|p) = −1}. After observ-
ing that PT1 ∩ PT2 = ∅ whenever T1 
= T2, we conclude from the proof of Theorem 2.5 that
Π(S, r + σ) can be written as the pairwise disjoint union
⋃
PT 
=∅
( ⋃
N∈PT
{
p ∈ P : NΠ(p) = N
})
.
If we now let
c = cardinality of {PT : PT 
= ∅},
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density of Π(S, r + σ) = c · 2−d .
N.B. The nonnegative integer c also counts the cardinality of the set of all subsets T of S
described above which satisfy condition (2.6) of Theorem 2.5. It would be quite interesting to
find an explicit formula for the cardinality of this set.
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